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In this work an approach to generate radial interfaces is presented. A radial network recursively
obtained is used to implement discrete model rules designed originally for the investigation in flat
substrates. In order to test the proposed scheme, we have used the restricted solid-on-solid and
etching models. The results indicate the KPZ conjecture is fully verified. Besides, a very good
agreement between the interface radius fluctuation distribution and the GUE one was observed.
The evolution of the radius agrees very well with the generalized conjecture, and the two-point
correlation function exhibits a very good agreement with the covariance of Airy2 process. So, this
approach can be used to investigate radial interfaces evolution for others universality classes.
PACS numbers: 68.43.Hn, 68.35.Fx, 81.15.Aa, 05.40.-a
I. INTRODUCTION
Fluctuations are inherent to far from equilibrium phe-
nomena, and are present in a broad range of growing
systems in nature, from thin film deposition to biologi-
cal growth. These fluctuations are characterized by self-
similarity and universality that emerge from distinct dy-
namical processes of their formation [1, 2]. A large num-
ber of non-equilibrium fluctuations phenomena are asso-
ciated to the universality class of the equation proposed
by Kardar, Parisi, and Zhang (KPZ) [3]
∂h(x, t)
∂t
= ν∇2h(x, t) + λ (∇h(x, t))2 + η(x, t) (1)
where h(x, t) represents the interface height at a position
x in time t, the first term in the right hand corresponds
to surface tension, the non-linear second term represents
a local lateral growth in the normal direction along the
surface and the last one is a white noise with 〈η(x, t)〉 = 0
and 〈η(x, t)η(x′, t′)〉 = Dδ(x− x′)δ(t− t′).
In the last two decades, we witnessed an increase in the
interest to the KPZ universality class due to the exact
results obtained for 1 + 1 dimensions [4, 5]. The central
point of these exact results is that the height fluctuations
of interfaces belonging to the KPZ universality class can
be described by Tracy-Widom distributions. The fluc-
tuation probability distribution function depends on the
substrate geometry or initial condition dividing the KPZ
universality in different sub-classes. The height evolution
of a single site is given by
h(t) = v∞t+ (Γt)βχ (2)
where v∞ and Γ are system depending parameters, β is
the universal growth exponent and χ is a random variable
that describes the fluctuations. The probability distribu-
tion function of this random variable splits the KPZ uni-
versality in two sub-classes depending on the substrate
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geometry. In flat substrates, the random variable is asso-
ciated to the Gaussian orthogonal ensemble distribution,
while, in curved substrates, the random variable follows
the Gaussian unitary ensemble (GUE) distribution. This
conjecture was verified in several analytical (including ex-
act solution) [6–10], experimental [11–14] and numerical
[15–19] works for both geometries. The conjecture stated
by the equation 2 was extended to high dimensions. Ini-
tially in 2 + 1 dimensions, with numerical approaches
[19–21] and followed by experimental evidences [22–24].
Later, it was extended to dimensions up to 6 + 1 using
numerical simulations of discrete growth models [25, 26].
The conjecture in Eq. (2) was generalized to take into
account finite time corrections in the height cumulants
observed in various works using analytical [6–9, 27], ex-
perimental [11–13] and numerical approaches [16–19, 21,
28]. The generalized version includes additional terms as
follows
h(t) = v∞t+ sλ(Γt)1/3χ+ η + ζt−1/3 + . . . . (3)
here η and ζ are non-universal parameters. Both play an
important role at finite-time analyses.
The numerical investigation of interface growth is tra-
ditionally based on discrete growth models. The main in-
vestigated models belonging to the KPZ universality class
are restricted solid-on-solid (RSOS) [29], ballistic depo-
sition [30], single step [31], etching [32] and Eden [33]. In
the particular case of a curved substrate, besides all the
works mentioned above, the main studies are based on
radial interface evolution of the Eden growth model [33]
and its variations [18]. On lattice simulations of the
radial version exhibits anisotropy effects leading to dis-
torted interfaces with growth velocity varying along the
chosen direction. The analysis must be done using fixed
directions [18]. Even though the off-lattice radial simula-
tions in 1 + 1 dimension are quite affordable, large scale
simulation are expensive [34].
In this work, a method to adapt growth model rules
to generate radial interfaces is proposed. The rules of
RSOS and etching models were used in a lattice built
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2hierarchically. The obtained results for both models in-
dicate a convergence of the universal parameter of KPZ
universality class. The KPZ conjecture is fully verified
with a very good agreement between the interface radius
fluctuation distribution and the GUE one. Besides, the
results obtained to the two-point correlation function ex-
hibits a very good agreement with the covariance of the
Airy2 process.
The paper is organized as follows. In the next section,
the hierarchical network is described, and the growth
rules details are presented. In Sec. III, we present and
discuss the results. Section IV is devoted to the conclu-
sions.
II. MODEL
The radial network was built considering a set of circu-
lar concentric layers enumerated as ` = 0, 1, . . . A layer
` has a radius r` and N` = INT(2pir`) sites here the ra-
dius r` = r0 + ` and INT (x) is a function to return the
value of x truncated. The N` sites are distributed on the
layer `, in a way that its cell has an arc length of unitary
size. The site locations are obtained recursively begin-
ning with a random selection of the angular location φ1
of the first one, the remaining sites of the layer are po-
sitioned considering φi = φi−1 + δφ with i = 2, 3, . . . N`
and δφ = 2pir`N` . The neighborhood of the sites is ob-
tained during the construction process as schematically
illustrated in Fig. 1. A new site i at a layer ` will be a
neighbor of the site i−1 at same layer and of those at the
inner layer (`− 1). In this case, we search by the sites of
`− 1 layer that share an edge with the cell of site i. So,
in general, each new site has bonds with three neighbors
previously added. Besides, the neighborhood of site i−1
and of those on layer `− 1 are updated to store the site
i as neighbor. The procedure is repeated to obtain the
interested number of layer.
The interface growth rules for RSOS and etching mod-
els are implemented considering, as initial condition, all
sites of the first layer occupied. The top panel in Fig. 2
i `
`− 1
`− 2
FIG. 1: (Color online) Schematic illustration of the construc-
tion of the neighborhood in the radial network. The last
added site and the bonds with the site of its layer and of
the previous one is highlighted in red. Notice that the bond
with the site of the layer and with that of previous layer is
identified in the addiction.
RSOS Model etching Model
Before
After After
FIG. 2: (Color on-line) Schematic illustration of the growth
rules of the RSOS and etching models. The top panel show
two chosen sites (blue full circles). Bottom panels show the
new configurations using the RSOS (left) and the etching rules
(right).
shows an illustration of an interface after few steps. The
deposited and peripheral sites are highlighted by red full
and blue open circles, respectively. New particles will be
deposited on the peripheral sites. The RSOS rules are im-
plemented considering that a new incoming particle will
occupy a peripheral site at random. The incorporation of
the new particle to the interface must take into account
the previous layer. If all neighboring sites of this layer
are occupied the deposition is accepted. Otherwise, if
the site i has at least one empty neighbor at the previous
layer, the deposition is refused. These implementation
rules are equivalent to the flat deposition considering the
restriction parameter m = 1. The etching growth rules
are implemented as follows. A deposition site i belonging
to the peripheral is chosen. All empty neighbors in previ-
ous layers are filled. The update rules for the two models
are schematically illustrated in Fig. 2. The upper config-
uration shows two peripheral sites chosen to deposition
(they are highlighted by blue filled circles). The bottom
configurations show the interface after the update using
RSOS (left) and etching (right) rules. Since we randomly
pick up a peripheral site from a constantly updated list
containing Np sites, the time is updated as t = t + dt
at each attempt with dt = 1/Np. This strategy to up-
date the time is based on that used in the Eden growth
model where only the peripheral sites may divide [16].
The simulations were carried out on networks consider-
ing the first radius layer r0 = 10 and the simulations run
until the aggregates reach a radius r = 104. Averages are
take from up to N = 104 independent samples.
III. RESULTS AND DISCUSSION
The investigation of the radial growth was done con-
sidering the time evolution of the interface radius fluc-
3tuations. The cells belonging to the interface at time t
are defined by the set of those adjacent to the peripheral
one. As mentioned previously, the radius of an interface
cell is defined by its layer, i.e., a cell in the layer ` has a
radius r` = r0 + `.
At short times, the height fluctuation exhibits a be-
havior with Gaussian distribution as reported previously
[35] (results not show). The asymptotic value of the in-
terface growth velocity is obtained considering the time
derivative of the first moment. From Eq. (2), it is given
by
∂t〈h〉 = v∞ + sλΓββtβ−1〈χ〉. (4)
So, as shown in the upper insets of Fig. 3(a) and 3(b),
the value of v∞ is obtained using a linear fit in the plot
of ∂t〈h〉 against tβ−1 here β = 1/3 was used. The asymp-
totic values obtained for both, RSOS and etching growth
model, are presented in table I. Notice that, considering
Eq. 2, the radius second cumulant is given by
〈h2〉c = (Γt)2β〈χ2〉c (5)
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FIG. 3: (Color online) Evolution of the second cumulant of
the radius for the RSOS (a) and etching (b) models. Insets
show the time derivative of the first (top insets) and of the
second (bottom insets) cumulant for the two models.
v∞ β Γ1 Γ2 〈η〉 S K
RSOS 0.50001(4) 0.334(3) 0.49(1) 0.50(1) 8.2(2) 0.22(1) 0.095(2)
etching 3.49997(3) 0.331(2) 8.2(2) 8.5(3) 15.4(3) 0.21(1) 0.085(5)
TABLE I: Nonuniversal and universal quantities for the dy-
namical regime of KPZ models.
The results in main panels of Fig. 3(a) and 3(b) show
a clear power law w = (〈h2〉c)1/2 vs time for both
RSOS and etching models. Bottom insets of these fig-
ures show βeff as a function of t
−1/3. Here, βeff =
d(ln(w))/d(ln(t)) gives the local derivative of ln w ver-
sus ln t. For the RSOS model, a non-monotonic behavior
is observed. However, in both models the growth expo-
nent asymptotically converges to values very close to 1/3.
The obtained values are presented in table I. In addic-
tion, the higher order cumulants were used to obtains the
skewness (S) and kurtosis (K) associated to the radius
fluctuations, defined as
S =
〈h3c〉
〈h2c〉1.5 (6)
K =
〈h4c〉
〈h2c〉2 (7)
The plot of S and K against time exhibits a finite time
correction in the convergence to the asymptotic value (re-
sults not shown) consistent with a power law convergence
with exponent 2/3. The estimated values are in very
good agreement with those associated to the KPZ class
(see Table I).
A crucial step is the determination of the parameters λ
and Γ to analyze the agreement of the radius fluctuations
distribution with the GUE one. In the radial interface
growth λ = v∞ and the Γ parameter are derived from
Eq. (2) and (5) and reads
Γβ1 =
〈h〉 − v∞t
tβ〈χ〉 (8)
Γ2β2 =
〈h2〉c
t2β〈χ2〉c , (9)
regarding that 〈χ〉 = −1.771069 and 〈χ2〉c = 0.812729
are the first and second cumulants of the GUE distri-
bution. The values of Γ1 and Γ2 were obtained using a
linear extrapolation in the plot against t−β and t−2β , re-
spectively, as shown in Fig. 4 (solid lines). The estimated
values are presented in table I. Note that the values of Γ1
and Γ2 are close for both models, so in the next results
we consider Γ as a mean of these two values.
Using the estimated parameters in the previous analy-
sis and the Eq. (2) we can calculate the random variable
given by
q =
〈h〉 − v∞t
sλ(Γt)β
. (10)
The plot of q−〈χ〉 against sλ(Γt)−β is shown in Fig. 5. A
clear linear behavior is observed asymptotically. Besides,
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FIG. 4: (Color online) The Γ parameter obtained using the
Eq. (8) and (9) for RSOS and etching models, top and
bottom, respectively. Here, we set 〈χ〉 = −1.771069 and
〈χ2〉c = 0.812729 and b = β and 2β for the Γ1 and Γ2, respec-
tively.
when the evolution from early times is considered, as can
be seen from inset in Fig. 5, a very good fit is obtained
when a double power law q−〈χ〉 = at−1/3+bt−2/3 is used
in the plot. This regression was considered previously in
numerical simulations [18]. So, the q variable converges
to 〈χ〉 as
q = 〈χ〉+ 〈η〉
sλ(Γt)β
+
〈ζ〉
sλΓβt2β
(11)
as aforementioned, here the second term is associated to
a shift in the q variable in relation to the mean value
of the GUE distribution and the last term to finite time
corrections. In the light of the previous results, the be-
havior of the radius is in agreement with the generalized
KPZ conjecture.
To compare the obtained radius distribution function
of RSOS and etching models with the TW-GUE one, the
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FIG. 5: (Color online) Convergence of the random variable q
to 〈χ〉 for the two models as shown in the legend. The solid
lines are linear fit to the asymptotic regions.
radius can be scaled as
q′ =
〈h〉 − v∞t− 〈η〉
sλ(Γt)β
. (12)
Figures 6(a) and 6(b) show the rescaled probability dis-
tribution for RSOS and etching models, respectively. An
excellent agreement is observed for the two models.
Finally, the two-point correlation function, given by
C2(ε, t) = 〈r(x+ ε, t)r(x, t)〉 − 〈R(x, t)〉 (13)
for radial growth models belonging to the KPZ univer-
sality exhibit the scaling C2(ε, t) ≈ (Γt)2βg2(u) with
u = (Aε/2)(Γt)2β and g2(u) is the covariance of the Airy2
process [36]. To verify the scaling for the RSOS and
etching interfaces we plot in Fig. 7 the two-point corre-
lation function considering the rescale C˜2 = (Γt)
−2β×C2
against u. A remarkable agreement is observed for the
RSOS model while the results for the etching are con-
verging (the time is increased from bottom to top curves
as indicated on the legend figure).
-8 -6 -4 -2 0 2 4
q’
10-8
10-7
10-6
10-5
10-4
10-3
10-2
10-1
100
p
(a)
-8 -6 -4 -2 0 2 4
q’
10-8
10-7
10-6
10-5
10-4
10-3
10-2
10-1
100
P
(b)
FIG. 6: (Color online) Height distribution function at differ-
ent times scaled according to the Eq. (12). For the RSOS
model we have used t = 5000, 7500 and 104 while for the
etching model, t = 103, 2000 and 3000.
50 1 2 3 4 5 6
u
0
0.2
0.4
0.6
0.8
1
~ C 2
RSOS
260
840
2800
Airy2
Etching


.
FIG. 7: (Color online) Rescaled two-point correlation function
C˜2 = (Γt)
−2β ×C2 against the rescaled length u. The dashed
line represents the Airy2 correlation function.
IV. CONCLUSIONS
In this work, we present a strategy to investigate
the discrete interface growth models in radial geometry.
The restricted solid-on-solid (RSOS) and etching growth
model rules were adapted to generate radial interfaces.
The fluctuations of the interface radius was investigated
in 1 + 1 dimensions. The radius moments, growth ex-
ponent and universal quantities presented an excellent
agreement with those of the KPZ universality class. Be-
sides, the generalized KPZ conjecture was fully verified
with the radius distribution exhibiting a very good agree-
ment with the Tracy-Widom of the Gaussian unitary en-
semble, as conjectured to the KPZ universality class for
curved surfaces. These finding were corroborated by the
quantitative agreement between the RSOS and etching
two-point correlation scaling and the Airy2 process. Re-
cently, quantitative predictions for the universal form of
the two-time correlations in the infinite time limit of the
KPZ equation were derived [37]. This work show the
breaking of the ergodicity in radial systems time evolu-
tion. So, these universal properties will be investigated
using the present strategy on a future work. Further-
more, the strategy present here can be used to investigate
the interface growth of models belonging to others uni-
versality classes. We are working in the implementation
of the rule of conserved version of the RSOS and Das
Sarma-Tamborenea models, that belong to the nonlin-
ear molecular beam epitaxy universality class. A recent
work show that these models present a dependency on
flat (fixed-size) and expanding substrates [38]. The re-
sults will appear elsewhere as soon as possible.
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